Here we correct, extend, and clarify results concerning the spin Hamiltonian ℋ S used to describe the ground manifold of Hubbard models for magnetic insulators in the presence of spin-orbit interactions. Most of our explicit results are for a tetragonal lattice as applied to some of the copper oxide lamellar systems and are obtained within the approximation that ℋ S consists of a sum of nearest-neighbor bond Hamiltonians. We consider both a "generic" model in which hopping takes place from one copper ion to another and a "real" model in which holes can hop from a copper ion to an intervening oxygen 2p band. Both models include orbitally dependent direct and exchange Coulomb interactions involving two orbitals. Our analytic results have been confirmed by numerical diagonalizations for two holes occupying any of the 3d states and, if applicable, the oxygen 2p states. An extension of the perturbative scheme used by Moriya is used to obtain analytic results for ℋ S up to order t 2 (t is the matrix of hopping coefficients) for arbitrary crystal symmetry for both the "generic" and "real" models. With only direct orbitally independent Coulomb interactions, our results reduce to Moriya's apart from some minor modifications. For the tetragonal case, we show to all orders in t and λ, the spin-orbit coupling constant, that ℋ S is isotropic in the absence of Coulomb exchange terms and assuming only nearest-neighbor hopping. In the presence of Coulomb exchange, scaled by K, the anisotropy in ℋ S is biaxial and is shown to be of order Kt 2 λ 2 . Even when K=0, for systems of sufficiently low symmetry, the anisotropy in ℋ S is proportional to t 6 λ 2 when the direct on-site Coulomb interaction U is independent of the orbitals involved and of order t 2 λ 2 otherwise. These latter results apply to the orthorhombic phase of La 2 CuO 4 .
I. INTRODUCTION
A longstanding problem which has attracted much interest recently concerns the mechanism whereby spinorbit interactions give rise to magnetic anisotropy in magnetic insulators.
This subject, which was extensively investigated three decades ago, ' has recently been the object of renewed attention due to interest in the lamellar copper oxide systems.
The erst of these to be extensively investigated, La2Cu04, has a small orthorhombic distortion away from a tetragonal structure and the above mechanism was shown to give rise to an anisotropic exchange, including that of the antisymmetric Dzyaloshinskii-Moriya type. In that system there are two anisotropy energies. ' One of these, the out-ofplane anisotropy, is of the form Q. N, where N is the z component of the staggered magnetization, the z axis is taken to be perpendicular to the copper oxide plane, and o. is an anisotropy constant. This energy causes the spins to lie in the basal plane. There is also an in-plane anisotropy energy which selects the orientation of the spins within the basal plane. Until recently the discussions of the origins of anisotropy were con6ned to the orthorhombic structure. However, more recently a family of copper oxide materials of similar structure, but which are actually tetragonal, have been studied ' and found to have roughly the same out-of-plane anisotropy as La2Cu04. The earlier studies did not predict any anisotropy in the tetragonal limit. Accordingly, a reanalysis of anisotropy for the tetragonal systems ought to show a common origin of the out-of-plane anisotropy which does not rely on the orthorhombic distortion. That is the main purpose of this paper. However, in the course of this work, we have found that a number of general questions concerning both the results and the methodology required some clarification, which this paper is intended to provide.
A microscopic basis for superexchange between magnetic ions was first given almost forty years ago by Anderson. R(i, j) = J(i, j)S(i) . S(j), where J(i,j ) = 4t; /U and t;z is the hopping matrix element between sites i and j.
Soon afterwards Moriya used Anderson's formalism to study the effect of spin-orbit interactions on superexchange between magnetic ions. He showed that for sufficiently low symmetry the most general effective spin Hamiltonian for two spin-2 magnetic ions, such as Cu++, is of the form 'R(i, j) = J(i, j)S(i) . S(j) + D(i,j ) . S(i) x S(j) +S(i) M(i, j) S(j), (2) where M(i, j) is a symmetric 3 x 3 tensor. The first term represents the isotropic symmetric exchange. The second and third terms represent the antisymmetric and symmetric anisotropies, respectively. Moriya's results were obtained to second order in the hopping perturbation, but in principle provided a framework in which the spinorbit interaction could be included to arbitrary order. Convenient explicit results were given to lowest nontrivial order in the spin-orbit coupling constant, A. Much more recently, Thio et al. found were not treated on an equal footing, and therefore this hidden symmetry was never noticed. Furthermore, SEA showed that even though each individual bond might have this hidden symmetry, the crystal as a whole could have anisotropy because of the &ustration caused by the competition between exchange interactions of different bonds.
In particular, for La2Cu04 they found that the anisotropy was a result of this &ustration.
All the work cited so far relied on the idea, introduced by Moriya , that the effect of spin-orbit interactions could be taken into account by a gauge transformation on the hopping between sites. As used by Moriya to obtain results up to order t /U, this formulation is correct and convenient. However, this formulation does not form a correct basis for calculations to higher order in t/U. Thus, as we shall see, the hidden symmetry of SEA, although maintained at order t for constant U, is broken at order t for constant U or at order t for nonconstant U. (Here constant U means that the Coulomb interaction between holes in two orbitals does not depend on which orbitals are involved. ) In addition, the calculations of Shekhtman, Aharony, and Entin-Wohlman or Bonesteel for the anisotropy of the cuprates were based on terms requiring the existence of a distortion &om tetragonal symmetry. However, the easy plane anisotropy is observed ' to have similar magnitudes in both the orthorhombic and tetragonal cuprates isostructural to La2Cu04. The main reason for the failure of the previous calculations to give anisotropy for the tetragonal cuprates was the fact that these calculations neglected the Coulomb exchange interaction. From the results of Barriquand and Sawatzkyi~( BS) one can see that they partially included such interactions. However, it remained unclear which aspects of the BS results would persist when the calculation was pursued more systematically. In fact, in Ref. 18 it was shown that for tetragonal symmetry Coulomb exchange interactions played a crucial role in determining the anisotropy.
In view of the above history, the following points remained to be clarified and are addressed in the present paper.
(1) One should generalize Moriya's results for 'R(i, j) to the case of nonconstant U. Having done that, we find that when reduced to the case of constant U, our present results differ in a small way &om those of Moriya, who (2,c) (
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where we have used the property AU i, I (i;abb'a') = AU i I,(i;baa' 6'), K i, (i;abb'a') = K i~, (i;baa'6'). and w~' are proportional to the unit matrix, and (b) one can interchange n and n' in the suins.
The full effective magnetic Hamiltonian, to order t2, is obtained by combining R2l (i, j), Eq. (24) , with 'R~" l(i, j), Eq. (27) . The result has the form of Eq. (2), with 3z -r, @ (r) yz, g"(r) xz, and g, (r) xy. Here the z axis coincides with the tetragonal c axis and the x and y axes coincide with the nearest-neighbor directions in the plane perpendicular to the c axis, as shown in Fig. 1 Fig. 3 ) obtained &om exact diagonalization for the four lowest levels out of the Fig. 3 ), and therefore the spins order in that plane, as is well established. In the absence of spin-wave fluctuations, the H p = Ep+4J S) [ Fig. 4 . Even though noninteracting spin-wave theory does not lead to two gaps at zero wave vector when Jii g J~, one can obtain the second gap by calculating the sp:n-wave spectrum including higher orders in 1/S. However, below we will estimate this in-plane gap without explicitly invoking spin-wave interactions.
For this purpose we study the quantum zero-point energy (per spin) in detail. It is given by sr+(q) = 4J S (1 -B~)2 -A2, 
This result shows that we have only one gap in the noninteracting spin-wave picture even though the ground state energy is anisotropic and therefore selects a value of 0. In Fig. 4 we plot the noninteracting spin-wave spectrum according to Eq. (66) ( 
The spin-wave energies~~are given as u)+(q) = 4J"S 
where we have used Eqs. (75) and (77) Even though the single-bond exchange has biaxial anisotropy, the classical ground state energy, because it is averaged over bonds along [1, 0, 0] and [0,1,0], does not select an orientation of the staggered magnetization within the easy plane. As we have shown, the anisotropy within the easy plane results from quantum zero-point fluctuations. In summary, a complete discussion of the anisotropy of the Cu-0 planes requires an interesting study of several novel symmetries and the way they are broken by Buctuations.
B. Conclusions
We may summarize our conclusions as follows.
(1) For tetragonal site symmetry, with only Hartreelike direct Coulomb terms, the efFective spin Hamiltonian is isotropic at any order in the parameters t and A. Inclusion of Coulomb exchange breaks this degeneracy at order tc -c A K for our generic model and at order tc -oh for the cuprate system with an oxygen ion between the copper ions.
(2) Since the easy-plane anisotropy (observed via the "out-of-plane" spin-wave gap at zero wave vector) has comparable magnitudes for many orthorhombic and tetragonal cuprates, it cannot depend significantly on the orthorhombic distortion. Our result, Eq. (50) x [b U", ,(j; aia20b) + K", (j;aia20b) -AU", , (j; aia2bO) -K"a,a, (j;aia2bO)]
In order to make sure this matrix element connects to the ground state, we had to insert the factors b, 0 and b, 0.
APPENDIX D: SYMMETRY OF THE MAGNETIC HAMILTONIAN
In this appendix we analyze the eigenvalue spectrum of a system of two spins-2 with coupling which is arbitrary except that, for simplicity, we consider the isotropic interaction to be dominant. In the presence of antisymmetric exchange interactions one can always put the Hamiltonian into the following canonical form:
where n is a unit vector specifying the orientation of the Dzyaloshinskii vanishes unless p = v, in which case it is independent of p. First of all, note that L has zero diagonal matrix elements, i.e. , the above matrix element vanishes when n = P. There are now three cases to consider: (i) n = 0 and P = 1 or n = 1 and P = 0; (ii) ci = 0, 1 and P = 2:, y, z; and (iii) o. g P but both are x, y, or z. In case (i) the matrix element of L is again zero, so this case is as desired. In case (ii) with n = 0 (n = 1 is similar) we express the above matrix element as
In the last step we used the fact that the orbital matrix element is only nonzero when p = P. So case (ii) is as desired.
In case (iii) we write the matrix element as
where e p~i s the totally antisymmetric tensor. In the last equality we used the fact that n, P, and p are Cartesian indices which are all difFerent. Thus all the types of matrix elements are diagonal and independent of pseudospin, as asserted.
APPENDIX G: RESULTS FOR TETRAGONAL SYMMETRY
The only nonzero matrix elements of the angular momentum within the manifold of normalized tetragonal d states, l0) =d 2 v2 l1):ds 2 2 lz) -d~y) lx) =d""andly) =d, are (z -y lL lyz) = (zxlL lxy) = -(zylL lzx) = (yzlL lz --y ) = (zylL"lyz) = (z' -y'lLylzz) = (yzlLvlzy) = -(zxlL"lz --y') = (yzlL, lzz) = (zxlL lzy) =-i, (G2) (»IL. I~' -y') = -(*' -y'IL. I») = 2i . 
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The hopping matrix elements are diagonal in the tetragonal symmetry, except for the states~0 ) and~1 ), and are independent of the site indices i and j. It follows that t'b are scalars independent of the site indices as well, and that the hopping is not accompanied by a pseudospin fhp. This implies that x [Eq. (28a) ] is diagonal in that space, and that x is independent of i and j. Thus the vector D;i, Eq. (29b) , vanishes and the matrix M(i, j), Eq. (29c) , is given solely by the K terms, and is independent of i and j.
Prom these arguments and using Eqs. (28) 
where we set~"= e for tetragonal symmetry.
We now compare our results with those of Eq. (14) itative agreement with those of Eskes and Jefferson (Ref. 25) . For the parameters used in Fig. 3 Lett. 74, 2843 Lett. 74, (1995 .
